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Abstract
Using slope enclosures may provide sharper bounds for the range of a function
than using enclosures of the derivative. Hence, slope enclosures may be useful in
verifying the assumptions for existence tests or in algorithms for global optimization.
Previous papers by Kolev and Ratz show how to compute slope enclosures for convex
and concave functions. In this paper, we generalize these formulas and show how to
obtain slope enclosures for a function that has exactly one point of inection or whose
derivative has exactly one point of inection.
1 Introduction
Many algorithms require an enclosure for the range of a function f : D ⊂ Rn → R on an
interval [x]. For this purpose, the mean value form [9] using an interval enclosure of the
derivative f ′ is a well-known tool. Sharper enclosures of the range of f can be obtained by
using slope enclosures. Slopes and slope enclosures have various applications, for example
in existence tests [3, 4, 10, 14, 15] or in global optimization [5, 6, 12, 13, 16, 17].
Using interval analysis [1, 9], slope enclosures for factorable functions can be computed by
a technique analogous to automatic dierentiation [11]. This technique is due to Krawczyk
and Neumaier [8], and it was extended to second-order slopes by Shen and Wolfe [18].
These approaches require slope enclosures for elementary functions ϕ : D ⊆ R → R. First-
order slope enclosures for some elementary functions are given by Ratz [12]. Kolev [7]
shows how to compute rst-order slope enclosures if ϕ is convex or concave, and how to
compute second-order slope enclosures if ϕ′ is convex or concave. For other elementary
functions, however, enclosures of the derivatives are used as slope enclosures.
In this paper, we show how rst-order slope enclosures can be computed for some ele-
mentary functions that have exactly one point of inection, and how second-order slope
enclosures can be computed for some elementary functions ϕ whose derivative has ex-
actly one point of inection. The formulas of the present paper provide sharper bounds
∗This paper contains and extends some results from the author's dissertation [17].
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than enclosures of the respective derivatives. Therefore, they improve the enclosures used
in [7, 12, 18]. The slope enclosures given in this paper can be used both for automatic
computation of slope enclosures and for theoretical aspects.
Throughout this paper, [x] ∈ IR denotes a compact interval, IR being the set of all compact
intervals [x] ⊂ R.
2 Slopes and Slope Enclosures





the Hermitian interpolation polynomial for ϕ with respect to the nodes x0, . . . , xn ∈ D.
Here, exactly k + 1 elements of x0, . . . , xn are equal to xi, if ϕ (xi) , . . . , ϕ(k)(xi) are given
for some node xi. The leading coecient an of p is called the slope of n-th order of ϕ with
respect to x0, . . . , xn. Notation:
δnϕ (x0, . . . , xn) := an.
For details, see [2].
Some properties of slopes are given in the following theorem. The statements d) and e) in
Theorem 2.2 are easy consequences of the Hermite-Genocchi Theorem (see, e.g., [2]).
Theorem 2.2 Let ϕ ∈ Cn (D), and let δnϕ (x0, . . . , xn) be the slope of n-th order of ϕ
with respect to x0, . . . , xn. Then, the following holds:
a) δnϕ (x0, . . . , xn) is symmetric with respect to its arguments xi.
b) For xi 6= xj we have the recursion formula
δnϕ (x0, . . . , xn) =
δn−1ϕ (x0, . . . , xi−1, xi+1, . . . , xn)− δn−1ϕ (x0, . . . , xj−1, xj+1, . . . , xn)
xj − xi
.
c) Setting ωk (x) :=
k−1∏
j=0




δiϕ (x0, . . . , xi) · ωi (x) + δnϕ (x0, . . . , xn−1, x) · ωn (x) , n ≥ 1.
d) The function g : D ⊆ Rn+1 → R dened by
g (x0, . . . , xn) := δnϕ (x0, . . . , xn)
is continuous.
e) For the nodes x0 ≤ x1 ≤ . . . ≤ xn there exists a ξ ∈ [x0, xn] such that




Denition 2.3 Let ϕ : D ⊆ R → R, ϕ ∈ C1 (D), and let x0 ∈ D be xed. A function
δϕ : D → R satisfying
ϕ (x) = ϕ (x0) + δϕ(x;x0) · (x− x0) , x ∈ D, (1)
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is called a rst-order slope function of ϕ with respect to x0. We set δϕ(x0;x0) := ϕ
′
(x0).
An interval δϕ([x] ; x0) ∈ IR that encloses the range of δϕ(x;x0) on the interval [x] ⊆ D,
i.e.
δϕ([x] ; x0) ⊇ {δϕ(x;x0) |x ∈ [x]} ,
is called a (rst-order) slope enclosure of ϕ on [x] with respect to x0.
Remark 2.4 Let δϕ([x] ; x0) ∈ IR be a rst-order slope enclosure of ϕ on [x]. Then, the
range of ϕ on [x] is enclosed by
ϕ (x) ∈ ϕ (x0) + δϕ([x] ; x0) · ([x]− x0) , x ∈ [x] .
Denition 2.5 Let ϕ : D ⊆ R → R, ϕ ∈ C2 (D), and let x0, x1 ∈ D xed. A function
δ2ϕ : D → R satisfying
ϕ (x) = ϕ (x0) + δϕ(x1, x0) · (x− x0) + δ2ϕ(x;x1, x0) · (x− x0) · (x− x1) , x ∈ D,
is called a second-order slope function of ϕ with respect to x0 and x1. As in [7] and
[18], we only consider the case x1 = x0 in this paper, and as an abbreviation we set
δ2ϕ(x;x0) = δ2ϕ(x;x0, x0). Furthermore, we set δ2ϕ(x0;x0) := 12 ϕ
′′
(x0).
An interval δ2ϕ([x] ; x0) ∈ IR satisfying
δ2ϕ([x] ; x0) ⊇ {δ2ϕ(x;x0) |x ∈ [x]}
is called a second-order slope enclosure of ϕ on [x] with respect to x0.
Remark 2.6 Let δ2ϕ([x] ; x0) ∈ IR be a second-order slope enclosure of ϕ on [x]. Then,
the range of ϕ on [x] is enclosed by
ϕ (x) ∈ ϕ (x0) + ϕ
′
(x0) · ([x]− x0) + δϕ([x] ; x0) · ([x]− x0)2 , x ∈ [x] .
Let ϕ : D ⊆ R → R be a twice continuously dierentiable elementary function, and let
[x0] ⊆ [x] ⊆ D. Furthermore, let f : Rn → R be a function given by a function expression
containing ϕ. In order to perform automatic computation of a slope enclosure of f on a
oating-point computer using interval arithmetic (cf. [12]) we need enclosures of{














(x) |x ∈ [x]
}
and {








(x) |x ∈ [x]
}
.
Hence, (2) and (3) can be enclosed by using enclosures of the rst and second derivative,
respectively. However, often sharper enclosures of (2) and (3) can be found, see [7] and
[12]. Kolev [7] shows how enclosures of (2) and (3) can be computed by using convexity
or concavity of ϕ and ϕ′, respectively. In the next section, we restate these theorems.
Theorem 3.2 is a slight generalization of [7] because we include the case x0 6= x1 and we
allow intervals [x0] and [x1] instead of real values x0 and x1. In section 4, we show how slope
enclosures can be computed by exploiting a unique point of inection. The formulas of
section 4 provide sharper bounds for (2) and (3) than using the rst and second derivative,
respectively. Some examples in section 5 illustrate this.
3
3 Computing Slope Enclosures by Exploiting Convexity and
Concavity
In this section, we show how slope enclosures can be computed by exploiting convexity or
concavity of ϕ and ϕ′, respectively.
Theorem 3.1 Let ϕ : D ⊆ R → R be twice continuously dierentiable on the interval












≤ δϕ (x;x0) ≤ δϕ (x;x0) (4)
holds for all x ∈ [x], x0 ∈ [x0].
If ϕ
′′





≥ δϕ (x;x0) ≥ δϕ (x;x0) (5)
holds for all x ∈ [x], x0 ∈ [x0].
Proof: See [7, 12]. 
The following theorem is an easy generalization of a theorem of Kolev [7], which treats the
case x1 = x0.

















≤ δ2ϕ (x;x1, x0) ≤ δ2ϕ (x;x1, x0) (6)
holds for all x ∈ [x], x1 ∈ [x1] and x0 ∈ [x0].
If ϕ
′′′





≥ δ2ϕ (x;x1, x0) ≥ δ2ϕ (x;x1, x0) (7)
holds for all x ∈ [x], x1 ∈ [x1] and x0 ∈ [x0].
Proof: We prove (6). Consider g : [x]× [x1]× [x0] → R dened by
g (x, x1, x0) := δ2ϕ (x;x1, x0) .
By Theorem 2.2, we have








δ3ϕ (x; x̃, x1, x0)
= δ3ϕ (x;x, x1, x0).
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Because of





(ξ) ≥ 0, ξ ∈ [x] ,
g (x, x1, x0) increases monotonically with respect to x.
By Theorem 2.2 a), g (x, x1, x0) increases monotonically with respect to x1, if x and x0 are
xed, and g (x, x1, x0) increases monotonically with respect to x0, if x and x1 are xed.
Hence, we obtain (6).
The proof of (7) is analogous. 
As a corollary we obtain the theorem from Kolev [7]:
Theorem 3.3 Let ϕ : D ⊆ R → R be three times continuously dierentiable on [x] ⊆ D












≤ δ2ϕ (x;x0) ≤ δ2ϕ (x;x0) (8)
for all x ∈ [x], x0 ∈ [x0].
If ϕ
′′′





≥ δ2ϕ (x;x0) ≥ δ2ϕ (x;x0) (9)
for all x ∈ [x], x0 ∈ [x0].
Proof: The claim follows directly from Theorem 3.2, because
g : [x]× [x1]× [x0] → R, g (x, x1, x0) := δ2ϕ (x;x1, x0) ,
is continuous by Theorem 2.2. 
4 Computing Slope Enclosures by Exploiting a Unique Point
of Inection





































Ratz [12] gives a formula that provides a rst-order slope enclosure for ϕ (x) = xn, n ∈ N
odd. The following theorem generalizes this by exploiting a unique point of inection of
ϕ. It also applies, e.g., to ϕ (x) = sinhx.
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⊆ [x]. Furthermore, let ϕ ′(x) ≥ 0 on [x], ϕ ′′(x) ≤ 0 on {x ∈ [x] |x ≤ 0},
and ϕ
′′
(x) ≥ 0 on {x ∈ [x] |x ≥ 0}. Set









if x ≥ 0,[




if x ≤ 0,[
max
{





























if 0 ∈ [x] ∧ 0 ∈ [x0] .
Then, we have the enclosure
δϕ ([x] ; [x0]) ⊇
{
δϕ (x;x0) |x ∈ [x] , x0 ∈ [x0]
}
. (10)
Proof. Let x ∈ [x] and x0 ∈ [x0].
If x ≥ 0, then ϕ is convex on [x]. Therefore, we can apply Theorem 3.1 and obtain (10).
If x ≤ 0, then ϕ is concave on [x], and by Theorem 3.1 we have (10).
Next, we prove the enclosure (10) for the remaining three cases. We begin by proving
δϕ (x;x0) ≤ M1 in three steps:





ϕ is concave on {x ∈ [x] |x ≤ 0}. Analogously, δϕ (x;x0) ≤ δϕ (x;x0) holds for all x ≥ 0,
x0 ≥ 0.
ii) Suppose x0 < 0. We prove that δϕ (x;x0) ≤ M1 holds for all x ≥ 0, x0 ≤ 0.
First, for all x0 ≤ 0 and all x ∈ [x] with ϕ
′





δϕ (x;x0) = ϕ
′









by Theorem 2.2. Hence, by i) we obtain





for all x0 ≤ 0 and all x ∈ [x] with ϕ
′












. By (11) and by ϕ
′′
(x) ≥ 0 on {x ∈ [x] |x ≥ 0}, we get ϕ ′(x) ≥ ϕ ′(ξ) for
all x ≥ x̃ and all ξ ∈ [x̃0, x]. Hence, we obtain










for all x ≥ x̃. Therefore, δϕ (x; x̃0) increases monotonically for x ≥ x̃ with respect to x.
Thus, we have
δϕ (x̃; x̃0) ≤ δϕ (x; x̃0) . (13)
On the one hand, if δϕ (x; x̃0) ≤ ϕ
′
(x̃0), then by (i) we get







On the other hand, if δϕ (x; x̃0) > ϕ
′
(x̃0), then for the function g : [x̃0, 0] → R, g (t) =




∂ (δϕ (x; t))
∂t
=










Thus, g increases monotonically on [x̃0, 0], and we obtain
δϕ (x; x̃0) ≤
{
δϕ (x;x0) , if x0 ≤ 0,
δϕ (x; 0) , if x0 > 0.
Using (13) and i), we get
δϕ (x̃; x̃0) ≤ δϕ (x;x0) (14)






. Hence, by (12) and
(14) we have δϕ (x;x0) ≤ M1 for all x ≥ 0 and all x0 ≤ 0.
iii) The proof for the case x0 > 0 is analogous to ii), and we obtain that δϕ (x;x0) ≤ M1
holds for all x ≤ 0, x0 ≥ 0.
By i)-iii) we have shown that









holds for all x ∈ [x] and all x0 ∈ [x0].
Finally, we complete the proof by showing that the lower bounds for (10) given in the
theorem hold for the remaining three cases:
• First, we have
δϕ (x;x0) = ϕ
′
(ξ) ≥ ϕ ′(0) . (15)
If 0 ∈ [x0], then the lower bound of
{





of δϕ (0; 0) = ϕ
′
(0).
• Suppose x0 < 0. By (5) we get
δϕ (x;x0) ≥ δϕ (0;x0) ≥
ϕ (0)− ϕ (x0)
x− x0
(16)
for all x ≤ 0 and all x0 ∈ [x0]. For all x ≥ 0 we have ϕ (x) ≥ ϕ (0), and therefore,
we obtain
δϕ (x;x0) =
ϕ (x)− ϕ (x0)
x− x0
≥ ϕ (0)− ϕ (x0)
x− x0
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for all x ≥ 0, x0 ∈ [x0]. The function h (x, x0) :=
ϕ (0)− ϕ (x0)
x− x0
, x ≥ 0, x0 ∈ [x0],
decreases monotonically with respect to both x and x0 because of
∂ (h (x, x0))
∂x
=





















, ξ ∈ [x0, 0] ,
≤ 0.
Hence, for all x ≥ 0 and all x0 ∈ [x0] we have
δϕ (x;x0) ≥
ϕ (0)− ϕ (x0)
x− x0
≥ ϕ (0)− ϕ (x0)
x− x0
. (17)
Therefore, by (15), (16), and (17) we obtain
δϕ (x;x0) ≥ max
{






for all x ∈ [x] and all x0 ∈ [x0].
• The proof for x0 > 0 is analogous to the case of x0 < 0.






⊆ [x]. Furthermore, let ϕ ′(x) ≥ 0 on [x], ϕ ′′(x) ≥ 0 on {x ∈ [x] |x ≤ 0},
and ϕ
′′
(x) ≤ 0 on {x ∈ [x] |x ≥ 0}. Set
δϕ ([x] ; [x0]) =

[











if x ≤ 0,[
m1, min
{

























if 0 ∈ [x] ∧ 0 ∈ [x0] .
Then, we have the enclosure
δϕ ([x] ; [x0]) ⊇
{




Proof: The proof is analogous to Theorem 4.1. 




Theorem 4.3 Let ϕ : D ⊆ R → R be three times continuously dierentiable on [x] ⊆ D




⊆ [x]. Furthermore, let ϕ ′(x) = −ϕ ′(−x) on {x ∈ [x] | − x ∈ [x]},
ϕ
′′
(x) ≥ 0 on [x], ϕ ′′′(x) ≤ 0 on {x ∈ [x] |x ≤ 0}, and ϕ ′′′(x) ≥ 0 on {x ∈ [x] |x ≥ 0}.
Set









if x ≥ 0,[




if x ≤ 0,[
max
{
ϕ (0)− ϕ (x0)− ϕ
′


































if 0 ∈ [x] ∧ 0 ∈ [x0] .
Then, we get the enclosure
δ2ϕ ([x] ; [x0]) ⊇
{
δ2ϕ (x;x0) |x ∈ [x] , x0 ∈ [x0]
}
.
Proof: The proof is similar to the proof of Theorem 4.1. For details see [17]. 
Theorem 4.4 Let ϕ : D ⊆ R → R be three times continuously dierentiable on [x] ⊆ D




⊆ [x]. Furthermore, let ϕ ′(x) = −ϕ ′(−x) on {x ∈ [x] | − x ∈ [x]},
ϕ
′′
(x) ≥ 0 on [x], ϕ ′′′(x) ≥ 0 on {x ∈ [x] |x ≤ 0}, and ϕ ′′′(x) ≤ 0 on {x ∈ [x] |x ≥ 0}.
Set
δ2ϕ ([x] ; [x0]) =

[











if x ≤ 0,[
m2, max
{
ϕ (x)− ϕ (x0)− ϕ
′

































if 0 ∈ [x] ∧ 0 ∈ [x0] .
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Then, we get the enclosure
δ2ϕ ([x] ; [x0]) ⊇
{
δ2ϕ (x;x0) |x ∈ [x] , x0 ∈ [x0]
}
.
Proof: The proof is similar to the proof of Theorem 4.3. 
5 Examples
Theorems 3.1-4.4 apply to some elementary functions such as expx, lnx, xn, sinhx, coshx,
tanx or arctanx. Next, we consider some examples.
Example 5.1 ϕ (x) = sinhx, [x] = [−5, 1], x0 = [−2,−2].
By Theorem 4.1 we get




















([x]) = [cosh (0) , cosh (−5)] ⊆ [1, 74.21] .
Furthermore, by (8) we obtain









[sinh (−5) , sinh (1)] ⊆ [−37.102, 0.588] .
Example 5.2 ϕ (x) = sinhx, [x] = [−6, 2], x0 = [−2,−2].
By Theorem 4.1 we get




















([x]) = [cosh (0) , cosh (−6)] ⊆ [1, 201.716] .
Furthermore, by (8) we obtain









[sinh (−6) , sinh (2)] ⊆ [−100.857, 1.814] .
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Example 5.3 ϕ (x) = coshx, [x] = [−4, 1], x0 = [−2,−1.5].
By (4) we get




([x]) = [sinh (−4) , sinh (1)] ⊆ [−27.29, 1.176] .
Furthermore, by Theorem 4.3 we obtain









[cosh (0) , cosh (−4)] ⊆ [0.5, 13.655] .
Example 5.4 ϕ (x) = x4, [x] = [−3, 1], x0 = [−1,−0.9].
By (4) we get




([x]) = [−108, 4] .
Furthermore, by Theorem 4.3 we obtain






([x]) = [0, 54] .











we can apply Theorem 4.2. We get










, we can not apply the theorems of this paper. Therefore, we
have to use the enclosure
{





















Using slope enclosures may provide sharper bounds of the function range than using enclo-
sures of the derivative. Automatic compuatation of slope enclosures, which can be applied
to global optimization [5, 6, 12, 13, 16, 17], requires rst-order and second-order slope
enclosures for elementary functions ϕ. This may be obtained by using enclosures of ϕ′ or
ϕ′′. Sharper enclosures can be computed by using the convexity or concavity of ϕ or ϕ′
(see [7] and section 3).
In this paper, we have computed rst-order and second-order slope enclosures by exploiting
a unique point of inection of ϕ or ϕ′. The formulas given in this paper apply to functions
such as expx, lnx, xn, sinhx, coshx, tanx or arctanx. They provide sharper bounds than
enclosures using derivatives. Some examples in section 5 illustrate this. The enclosures
given in this paper can be used both for automatic computation of slope enclosures and
for theoretical aspects.
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Nr. 06/04 Götz Alefeld, Xiaojun Chen: A Regularized Projection Method for Complementarity
Problems with Non-Lipschitzian Functions
Nr. 06/05 Ulrich Kulisch: Letters to the IEEE Computer Arithmetic Standards Revision Group
Nr. 06/06 Frank Strauss, Vincent Heuveline, Ben Schweizer: Existence and approximation re-
sults for shape optimization problems in rotordynamics
Nr. 06/07 Kai Sandfort, Joachim Ohser: Labeling of n-dimensional images with choosable ad-
jacency of the pixels
Nr. 06/08 Jan Mayer: Symmetric Permutations for I-matrices to Delay and Avoid Small Pivots
During Factorization
Nr. 06/09 Andreas Rieder, Arne Schneck: Optimality of the fully discrete filtered Backprojec-
tion Algorithm for Tomographic Inversion
Nr. 06/10 Patrizio Neff, Krzysztof Chelminski, Wolfgang Müller, Christian Wieners: A nume-
rical solution method for an infinitesimal elasto-plastic Cosserat model
Nr. 06/11 Christian Wieners: Nonlinear solution methods for infinitesimal perfect plasticity
Nr. 07/01 Armin Lechleiter, Andreas Rieder: A Convergenze Analysis of the Newton-Type Re-
gularization CG-Reginn with Application to Impedance Tomography
Nr. 07/02 Jan Lellmann, Jonathan Balzer, Andreas Rieder, Jürgen Beyerer: Shape from Specu-
lar Reflection Optical Flow
Nr. 07/03 Vincent Heuveline, Jan-Philipp Weiß: A Parallel Implementation of a Lattice Boltz-
mann Method on the Clearspeed Advance Accelerator Board
Nr. 07/04 Martin Sauter, Christian Wieners: Robust estimates for the approximation of the dy-
namic consolidation problem
Nr. 07/05 Jan Mayer: A Numerical Evaluation of Preprocessing and ILU-type Preconditioners
for the Solution of Unsymmetric Sparse Linear Systems Using Iterative Methods
Nr. 07/06 Vincent Heuveline, Frank Strauss: Shape optimization towards stability in constrai-
ned hydrodynamic systems
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